
Journal of Geometry and Physics 42 (2002) 78–84

Spacelike hypersurfaces in de Sitter space
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Abstract

In this paper, we give one intrinsic inequality for spacelike hypersurfaces in de Sitter space and
a sufficient and necessary condition for such hypersurfaces to be totally geodesic. © 2002 Elsevier
Science B.V. All rights reserved.
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1. Introduction

LetMn+1
p (c)be an(n+1)-dimensional connected semi-Riemannian manifold of constant

curvaturec whose index isp. It is called anindefinite space form of index p and simply a
space form whenp = 0. If c > 0, we callMn+1

1 (c) ade Sitter space of index 1. LetMn be an
n-dimensional Riemannian manifold immersed inMn+1

1 (c). The semi-Riemannian metric
of Mn+1

1 (c) induces the Riemannian metric ofMn, Mn is called a spacelike hypersurface.
Montiel [1] gave an integral inequality for compact spacelike hypersurfaces in the de Sitter
space and by use of this integral inequality, he studied the constant mean curvature spacelike
hypersurface. There are other literatures studied spacelike hypersurfaces [2–7]. In this paper,
we consider the general spacelike hypersurfaces in de Sitter space of index 1 and obain
an intrinsic inequalitiy for such hypersurfaces. We also give a sufficient and necessary
condition for such hypersurfaces to be totally geodesic. Then,we apply our theorem to
Einstein spacelike hypersurface. In this paper, all the manifolds areC∞ manifolds. We will
prove the following.
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Theorem 1. Mn is a spacelike hypersurface of de Sitter space Mn+1
1 (c) (c > 0) ,S and ρ

are Ricci curvature tensor and the scalar curvature of Mn, respectively, then

|S|2 ≥ 2cρ(n − 1) − c2n(n − 1)2.

Theorem 2. Mn is a spacelike hypersurface of de Sitter space Mn+1
1 (c) (c > 0), S and

ρ are Ricci curvature tensor and the scalar curvature of Mn, respectively, then |S|2 =
2cρ(n − 1) − c2n(n − 1)2 if and only if Mn is totally geodesic.

Corollary 1. Mn is a spacelike Einstein hypersurface of de Sitter space Mn+1
1 (c)(c > 0)

with Ric = c(n − 1)g (g is the Riemannian metric of Mn), then Mn is totally geodesic.

2. Preliminary

We choose a local field of semi-Riemannian orthonormal frames{e1, . . . , en, en+1} in
Mn+1

1 (c) such that, restricted toMn, e1, . . . , en are tangent toMn. Let ω1, . . . , ωn+1 be
its dual frame field such that the semi-Riemannian metric ofMn+1(c) is given by ds2 =∑

(ωi)
2 − (ωn+1)

2 = ∑
εA(ωA)

2, whereεi = 1, i = 1, . . . , n andεn+1 = −1. Then the
structure equations ofMn+1(c) are given by

dωA = −
∑
B

εBωAB ∧ ωB, ωAB + ωBA = 0, (2.1)

dωAB = −
∑
C

εCωAC ∧ ωCB + 1
2

∑
C,D

KABCDωC ∧ ωD, (2.2)

KABCD = cεAεB(δACδBD − δADδBC). (2.3)

We restrict these forms toMn,then

ωn+1 = 0, (2.4)

and the Riemannian metric ofMn is writen as ds2 = ∑
(ωi)

2. Since 0 = dωn+1 =
−∑ωn+1,i ∧ ωi , by Cartan’s lemma we may write

ωn+1,i =
∑
j

hijωj , hij = hji. (2.5)

From these formulas, we obtain the structure equations ofMn:

dωi = −
∑
j

ωij ∧ ωj , ωij + ωji = 0, (2.6)

dωij = −
∑
k

ωik ∧ ωkj + 1
2

∑
k,l

Rijklωk ∧ ωl, (2.7)

Rijkl = c(δikδjl − δilδjk) − (hikhjl − hilhjk), (2.8)

whereRijkl are the components of the curvature tensor ofMn. We callh = ∑
hijωi ⊗ ωj ,

the second fundamental form ofMn. The mean curvatureH of Mn is defined byH =
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(1/n)
∑

i hii. At any pointx0 ∈ Mn, for the symmetry of(hij), we can makehij = λiδij

choosing suitable orthonormal frames, then we have

Rijkl = c(δikδjl − δilδjk) − λiλj (δikδjl − δilδjk). (2.9)

3. Proofs of the theorems

In order to prove the theorems, we need the following:

Lemma 1 (Cauchy–Swartz inequality).Let a1, . . . , an, b1, . . . , bn, be real numbers, then(∑
i

aibi

)2

≤
∑
i

(ai)
2
∑
j

(bj )
2, (3.1)

and the equality holds if and only if there exist a constant λ such that ai = λbi, i = 1, . . . , n,
or bi = λai, i = 1, . . . , n.

Lemma 2. Let Mn is a spacelike hypersurface of Mn+1
1 (c) (c > 0). If the second funda-

mental form of Mn at any point x can be writen as



λ(x) 0 · · · 0

0 0 · · · 0
...

...
...

...

0 0 · · · 0




by choosing suitable orthonormal frames, where λ(x) is a function on Mn, then Mn is
totally geodesic.

Proof of the Lemma 2. First, it is clearly thatλ(x) = nH(x), thus,λ(x) is aC∞ function
onMn. We let

∇λ(x) =
∑
i

λi(x)ωi, ∇2λ(x) =
∑
i,j

λij(x)ωi ⊗ ωj , ∇h =
∑
i,j,k

hijkωi ⊗ ωj ⊗ ωk,

by hypothesis and Eq. (2.9), we have �

h11 = λ(x), hij = 0, (i, j) �= (1,1). (3.2)

Rijkl = c(δikδjl − δilδjk). (3.3)

ρ =
∑
i,j

Rijij = cn(n − 1) (3.4)
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The Laplacian ofσ = ∑
i,j (hij)

2 is given by

1
2%σ =

∑
i,j,k

(hijk)
2 +

∑
i,j

hij%hij

=
∑
i,j,k

(hijk)
2 + n

∑
i,j

hijHij +
∑

i,j,k,m

hijhimRmkjk +
∑

i,j,k,m

hijhkmRmijk.

By Eqs. (3.2) and (3.3), we have

1
2%σ =

∑
i,j,k

(hijk)
2 + λ(x)

∑
i

λii(x) + c(n − 1)λ2(x). (3.5)

On the other hand, we have

σ = λ2(x)

Thus,

1
2%σ = 1

2%λ2(x) =
∑
i

(λi(x))
2 + λ(x)

∑
i

λii(x). (3.6)

Thus, Eq. (3.5) can be writen as∑
i

(λi(x))
2 =

∑
i,j,k

(hijk)
2 + c(n − 1)λ2(x). (3.7)

By Eq. (3.3) and Bonnet–Myers theorem, we know thatMn is compact. So there is a point
x whereλ(x) attains its maximum and at this point

λii(x) ≤ 0, λi(x) = 0 (3.8)

By Eq. (3.7), this imply that maxx∈Mnλ(x) = 0. In the same way, we can get minx∈Mnλ(x) =
0, hence,λ(x) ≡ 0,Mn is totally geodesic.

Proof of the Theorem 1. From Eq. (2.9),

Sij =
∑
k

Rkikj =
∑
k

{−λkλi(δkkδij − δkjδik) + c(δkkδij − δkjδik)}

= −
∑
k

λkλiδij +
∑
k

λiλj δkjδik + c
∑
k

(δij − δkiδkj)

= −λiδij

∑
k

λk + λiλj δij + c(n − 1)δij

So

|S|2 =
∑
i,j

S2
ij =

∑
i,j

{
−λiδij

∑
k

λk + λiλj δij + c(n − 1)δij

}2
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=
∑

ij

{
λ2
i (
∑
k

λk)
2δij + λ2

i λ
2
j δij + c2(n − 1)2δij − 2λ2

i λj δij

∑
k

λk

− 2c(n − 1)λiδij

∑
k

λk + 2c(n − 1)λiλj δij

}

=
(∑

i

λ2
i

)(∑
k

λk

)2

+
∑
i

λ4
i + c2n(n − 1)2 − 2

∑
i

λ3
i

∑
k

λk

− 2c(n − 1)(
∑
i

λi)
2 + 2c(n − 1)

∑
i

λ2
i (3.9)

and

ρ=
∑
i,j

Rijij=
∑
i,j

{c(1−δij)−λiλj (1 − δij)} = −
(∑

i

λi

)2

+
∑
i

λ2
i + cn(n − 1)

(3.10)

So (∑
i

λi

)2

=
∑

λ2
i + cn(n − 1) − ρ (3.11)

|S|2 =
(∑

i

λ2
i

)(∑
k

λk

)2

+
∑
i

λ4
i + c2n(n − 1)2 − 2

∑
i

λ3
i

∑
k

λk

− 2c(n − 1)

(∑
i

λi

)2

+ 2c(n − 1)
∑
i

λ2
i

=
(∑

i

λ2
i

)(∑
i

λ2
i + cn(n − 1) − ρ

)
+
∑
i

λ4
i + c2n(n − 1)2

− 2
∑
i

λ3
i

∑
k

λk − 2c(n − 1)

(∑
i

λ2
i + cn(n − 1) − ρ

)

+ 2c(n − 1)
∑
i

λ2
i ≥

(∑
i

λ2
i

)(∑
i

λ2
i + cn(n − 1) − ρ

)
+
∑
i

λ4
i

− 2

(∑
i

λ4
i

)1/2(∑
i

λ2
i

)1/2(∑
i

λ2
i + cn(n − 1) − ρ

)1/2

+ 2c(n − 1)ρ − c2n(n − 1)2
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=


(∑

i

λ4
i

)1/2

−
(∑

i

λ2
i

)1/2(∑
i

λ2
i + cn(n − 1) − ρ

)1/2



2

+ 2c(n − 1)ρ − c2n(n − 1)2 ≥ 2c(n − 1)ρ − c2n(n − 1)2 (3.12)

the first inequality has used Lemma 1. �

Theorem 1 is proved.

Proof of the Theorem 2. If Mn is totally geodesic, i.e.λi = 0, i = 1, . . . , n, then from
Eqs. (3.2) and (3.3),

|S|2 = c2n(n − 1)2, ρ = cn(n − 1) (3.13)

i.e. |S|2 = 2cρ(n − 1) − c2n(n − 1)2.
Inversely, if Eq. (3.12) becomes an equality, then all the inequality of Eq. (3.12) will

become equality. From Lemma 1, there exist a constantλ such that

λ2
i = λλi, i = 1, . . . , n or λλ2

i = λi, i = 1, . . . , n.

For simplicity, we assumeλi = λ, i = 1, . . . , k andλj = 0, j = k + 1, . . . , n.
If λ = 0, thenMn is obviously totally geodesic.
Now, we assumeλ �= 0, soMn is not totally geodesic. Because the second inequality of

Eq. (3.12) should be equality, so

(∑

i

λ4
i

)1/2

−
(∑

i

λ2
i

)1/2(∑
i

λ2
i + cn(n − 1) − ρ

)1/2



2

= 0

i.e.

(kλ4)1/2 − (kλ2)1/2(kλ2 + cn(n − 1) − ρ)1/2 = 0

Through simple calculating, we get

ρ = (k − 1)λ2 + cn(n − 1) (3.14)

On the other hand, by Eq. (3.3), we have

ρ = −
(∑

i

λi

)2

+
∑
i

λ2
i + cn(n − 1) = (k − k2)λ2 + cn(n − 1), (3.15)

thus,(k − 1)λ2 + cn(n − 1) = (k − k2)λ2 + cn(n − 1), sok = 1. By Lemma 2,Mn is
totally geodesic. This is a contradiction. �

Proof of Corollary. In fact, ifMn is a spacelike Einstein hypersurface ofMn+1
1 (c)(c > 0)

with Ric= c(n − 1)g (g is the Riemannian metric ofMn), thenρ = cn(n − 1) and
|S|2 = c2n(n− 1)2 = 2cρ(n− 1)− c2n(n− 1)2. The corollary follows immediately from
Theorem 2. �



84 H.-D. Pang et al. / Journal of Geometry and Physics 42 (2002) 78–84

Acknowledgements

This work was supported by National Natural Science Foundation of China (Grant no.
19971081).

References

[1] S. Montiel, An integral inequality for compact spacelike hypersurfaces in de Sitter space and applications to
the case of constant mean curvature, Indiana Univ. Math. J. 37 (1988) 909–917.

[2] K. Akutagawa, On spacelike hypersurfaces with constant mean curvature in the de Sitter space, Math. Z. 196
(1987) 13–19.

[3] Q.M. Cheng, Complete spacelike submanifolds in a de Sitter space with parallel mean curvature vector, Math.
Z. 206 (1991) 333–339.

[4] S.Y. Cheng, S.T. Yau, Maximal spacelike hypersurfaces in the Lorentz–Minkowski spaces, Ann. Math. 104
(1976) 407–419.

[5] A.J. Goddard, Some remarks on the existence of spacelike hypersurfaces of constant mean curvature, Math.
Proc. Cambridge Philos. Soc. 82 (1977) 489–495.

[6] O. Kobayashi, Maximal surfaces in the three-dimensional Minkowski spaceL3, Tokyo J. Math. 37 (1983)
297–309.

[7] J. Ramanathan, Complete spacelike hypersurfaces of constant mean curvature in de Sitter space, Indiana Univ.
Math. J. 36 (1987) 349–359.


	Spacelike hypersurfaces in de Sitter space
	Introduction
	Preliminary
	Proofs of the theorems
	Acknowledgements
	References


